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Discrete breathers in Josephson arrays
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Since the original proposal of 1996 by Florı´a et al. @Europhys. Lett.36, 539 ~1996!# of intrinsic
localization in Josephson ladders, many efforts have been devoted to the theoretical, numerical, and
experimental study of such dynamical states in Josephson arrays. Such efforts have already
produced around 20 papers on the subject. In this article we will try to review the basic aspects of
the physics of discrete breathers in Josephson arrays. ©2003 American Institute of Physics.
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One of the concepts from nonlinear science with more
important consequences when applied to condensed ma
ter physics is that ofcoherent structures. Linear models of
crystals, which have been instrumental in developing a
physical understanding of the solid state, cannot explain
many other important properties. For example, spatially
or temporally coherent structures appear in many non-
linear extended systems. In the last few years, these no
tions have become fundamental for understanding differ-
ent problems and their implications extend over many
research areas. For instance, it was discovered an
proved that in discrete systems nonlinearity may lead to
localized vibrations in the lattice that cannot be analyzed
using the standard plane wave approach. These intrinsic
localized modes have been termed discrete breathers an
because they are generic modes in nonlinear lattices, the
are the object of great theoretical and numerical atten-
tion in diverse fields. Recently, two experimental groups
have reported the detection of intrinsic localized modes in
superconducting arrays. In this article we will review the
basic aspects of the physics of discrete breathers in Jo
sephson arrays.

I. INTRODUCTION

One of the more novel solutions in nonlinear lattices
the intrinsic localized modes or discrete breathers~DB’s!, a
dynamical solution for which energy remains sharply loc
ized in a few sites of the lattice.1 Arrays made of Josephso
junctions ~JJ’s! are one of the experimental systems whe
such states have been recently excited and detected.2,3

From a nonlinear dynamics perspective a Joseph
junction biased by an external current behaves as a fo
and damped pendulum. Similarly, a set of superconduc
islands coupled by Josephson junctions is modeled as a s
coupled pendula.

In the work by Florı´a et al.4 a particular JJ configuration
the ladder, biased by ac currents was proposed as an
7331054-1500/2003/13(2)/733/11/$20.00
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experimental system to study the phenomenon of intrin
localization. They numerically found two classes of attra
ing time-periodic solutions whose energy is exponentia
localized: oscillator localized modes~or oscillobreathers!, in
which the amplitude of the oscillations of the phases is
calized; and rotor localized modes~or rotobreathers! where
one phase rotates meanwhile the other describe forced o
lations.

Soon after, Sepulchre and Mackay5 proved the existence
of DB’s in dissipative networks of weakly coupled oscilla
tors. This work deals mainly with autonomous systems,
in the discussion and conclusions section the authors ske
proof for the case of ac forced lattices.

These works prove the existence of DB’s in dissipat
lattices and propose JJ arrays as an adequate experim
system to excite and detect such modes. In what follows
will review the theory and experiments made up to no
which show the existence of localized modes in differe
types of Josephson arrays. Please also see the review ar
by Ustinovet al. and Fistulet al. in this issue.

We will start with the dynamics of a single JJ biased
an external current. Then we will consider Josephson arr
and introduce a framework to the study of the arrays. In S
IV we study the case of a JJ parallel array, where only os
lating localized modes can be found. Section V is the m
section of the review, there we consider Josephson lad
arrays. In Sec. VI we review the work in single plaque
Josephson arrays. Section VII is devoted to the recent
diction of the existence of DB’s in the dynamics of two
dimensional JJ arrays. We finish with a conclusion sectio

II. THE SINGLE JJ CIRCUIT

A Josephson tunnel junction is formed by two superco
ducting electrodes separated by a thin insulating barrier.
the case of junctions in the so-called classical regime,
behavior of the junction is described in terms of the gau
invariant phase difference variable,w. The basic equations
for the Josephson effect show that the supercurrent thro
the junction is given by
© 2003 American Institute of Physics
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I s5I c sinw, ~1!

with I c the critical current or maximum supercurrent of t
junction. The voltage through the junction is

V~ t !5
F0

2p

dw

dt
, ~2!

whereF05h/2e52.07310215 Wb is called the flux quan-
tum. The phase difference is defined asw5u12u2

2 (2p/F0) *1
2AW dW l , whereAW is the vector potential andu1(2)

the phases of the wave function of the superconducting s
at each side of the junction.

A single junction in an electrical circuit can be describ
by the RCSJ~resistively and capacitively shunted junctio!
model. In this model the junction consists of three branch
one capacitive, one resistive and one superconducting,
nected in parallel. The total current through the junction

I 5C
dV

dt
1

V

R
1I c sinw. ~3!

If we write the equation in terms of the phase differen
and normalize current byI c and time by the plasma fre
quencyvp5A2pI c /F0C, we get

i 5ẅ1Gẇ1sinw5N~w!, ~4!

where we have defined the nonlinear operatorN~w! and the
dissipation or damping parameter of the junction is given
G5AF0 /2pI cCR2.

Typical values for tunnel junctions involved in the D
experiments are a critical current density of 1 kA/cm2 and
capacitance per unit area of 3mF/cm2 which gives a plasma
frequencyvp/2p close to 100 GHz. Thus it is not possible
follow the instantaneous dynamics of the phases. A quan
which is easy to measure is the dc voltage of the junctioV
~time averaged voltage!, which is directly related with the
mean velocity of the phase,V/vp5(F0 /2p)^ẇ&, also
V/I cR5G^ẇ&.

Equation~4! is also the equation for the dynamics of th
phase of a forced and damped pendulum. Thus, the dyna
of a tunnel junction biased by external currents is similar
the behavior of a force and damped pendulum. This sim
analog between the junction and the mechanical pendu
turns out to be very useful to understand the main dynam
properties of the system.

For junctions with an external resistive shunt the effe
tive resistance is the shunted resistance. However, for
unshunted junctions, the resistance is a nonlinear functio
the voltage and can be modeled as having a large valu
below the gap voltage, rising sharply near the gap volta
and then remaining the normal state resistance above
gap. This extra structure due to the nonlinear resistance
be reflected in the experimental data~see inset of Fig. 1!. In
what follows we will sketch the simplest properties of a
with a linear resistor and biased by external currents.

A. dc bias

Let us first consider a junction biased by a constant c
rent i dc5I dc/I c , then
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ẅ1Gẇ1sinw5 i dc. ~5!

Two different states are observed. For currents below
junction critical current (0, i dc,1) a solution of Eq.~5! is
the superconducting state ofV50 andw5sin21 idc. For cur-
rents larger than the critical current the phaserotates with
VÞ0 and the junction is in a resistive state. Depending
the value of the damping and the initial condition this res
tive state exists also below the critical current and down
values of the current larger than the so-called junction retr
ping currentI r . For sufficiently underdamped junctionsI r

can be estimated easily from energy considerations
I r /I c.4G/p, also^ẇ&; i dc/G. Thus, for values of the cur
rent I r,I dc,I c , underdamped junctions show an hystere
loop where two different attractors, one superconduct
with V50 and the other resistive withVÞ0 coexist~see Fig.
1!.

B. rf fields

The case of a junction biased by an ac current is m
complex and depending on the parameter values and in
conditions different amplitude oscillations, periodic pha
rotations and chaotic solutions are found. Now withI
5I acsinvrft and v5v rf /vp , the normalized governing
equation is

ẅ1Gẇ1sinw5 i acsinvt. ~6!

In what follows we will consider three different cases
interest for our purpose.

Figure 2~a! shows a situation where two different amp
tude periodic oscillations coexist for certain values of t
junction parameters. In both cases^ẇ&50 so we have plot-
ted the value ofvac5A2^ẇ2& which is larger for the case o

FIG. 1. IV curve for a JJ with a linear resistor biased by a dc current. T
solutions coexist for currents between the critical and the retrapping curr
~in this case damping was set toG50.2 soI r.0.25I c). The inset shows an
experimental IV curve for a tunnel junction. The resistance of the junct
below the gap voltage~subgap resistance! clearly differs from the resistance
above the gap voltage~normal resistance!.
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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FIG. 2. Underdamped junction biased by an rf field.~a!
G50.02 andv52p30.125, at a certain value of the
amplitude of the field, a ‘‘small’’ amplitude oscillating
state destabilizes to a ‘‘large’’ amplitude one. Bo
states coexist for certain range of values ofi ac. ~b! G
50.02 andv52p30.25, for a certain range of value
of i ac an oscillating state coexist with two rotating state
with ^ẇ&56v. ~c! G50.003 andv52p30.5, de-
pending on the value ofi ac different attractors coexist
with rotation velocities in general given bŷẇ&
5 (n/m) v. @The figure shows only one of the possib
subharmonic (m.1) states.#
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large amplitude oscillations. Therefore we observe two d
ferent amplitude solutions which coexist for certain range
i ac.

Figure 2~b! shows a situation where an oscillating sta
(^ẇ&50) can coexist with two rotating states synchroniz
to the external field (̂ẇ&56v).

Figure 2~c! shows a situation where an oscillating sta
(^ẇ&50) can coexist with many different rotating states sy
chronized to the external field (^ẇ&5 (n/m) v).

III. JJ ARRAYS

By coupling JJ with superconducting leads it is possi
to make arrays of desired size and geometry. Such ar
Downloaded 29 May 2003 to 155.210.16.42. Redistribution subject to AIP
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behave as coupled nonlinear oscillator lattices. Thus, Jos
son arrays are appropriate experimental systems for the s
of the phenomenon of intrinsic localization.

To derive general equations for the dynamics of JJ arr
one has to consider Kirchoff’s conservation laws~for the
current and for the voltage! and the fluxoid quantization con
dition. Fluxoid quantization demands that for any loopl in
the array ~with at least one junction! the sum of all the
gauge-invariant phase differences around the loop is

(
j P l

w j52p~nl2 f l !. ~7!

The integer numbernl results from the multivaluedness o
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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the superconducting phase variables~u!. However, since in
the RCSJ model the dynamical equations depend only onẅ,
ẇ, and sinw the equations of motion are independent of t
nl and we will eliminate them from our equations in wh
follows. The term f l accounts for the total magnetic flu
through the loop, measured in units of the magnetic fl
quantumF0 . It has two contributions: the flux due to exte
nal fields applied to the array; and the flux induced by
currents flowing in the system. In general, to compute
total induced flux in a cell of the array one must take in
account a full inductance matrix with contributions from a
the mesh currents in the array. However, in many cases
can work with the simplest approximation of taking into a
count only the self-inductance (L) of each cell. In this case
for any simple mesh of the array we will write

(
j Pm

w j522p~ f m
ext1 f m

ind!522p f m
ext2

1

l

I m

I c
, ~8!

whereI m is the mesh current andl5F0/2pLI c with L is the
self-inductance.

IV. THE JJ PARALLEL ARRAY

One of the simplest Josephson arrays containing m
junctions is the uniform JJ parallel array, see Fig. 3. With
the framework of the RCSJ model this array is a physi
realization of a one-dimensional lattice of pendula coup
by torsional springs. The dynamical equation for the evo
tion of the phases are given by

N~w j !5l~w j 1122w j1w j 21!1 i ext. ~9!

For an open array withN junctions~and zero external mag
netic field! the boundary conditions arew05wN1150. In the
case of circular arrays we impose periodic boundary con
tions w j 1N5w j12pM whereM is the number of kinks or
fluxons trapped in the array.

Equation~9! corresponds to the widely studied Frenke
Kontorova model or discrete sine-Gordon equation. It is o
of the simplest models where localized modes have b
proven to exist~see for instance the article by Martı´nezet al.
in this issue!. In this case the array is biased by anac field
and a typical DB mode corresponds to a solution where
of the phases describes a large amplitude oscillation. Me
while, the others describe small amplitude oscillations. T
state has been calledoscillobreather. Mathematically, thel
→0 limit of the system corresponds to a set of uncoup
pendula. There, to build the breather, we need two coexis

FIG. 3. JJ parallel array biased by a external current. Junctions in the a
are represented by crosses.
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oscillating attractors, for instance the states shown in F
2~a!. In this limit the localized solution is trivial and the
existence theorems show us that we can continue such s
tions when increasing from zero the value of the couplin

Then, for some values of the junction parameters and
some range of values of the coupling, DB’s should exist in
parallel arrays biased by adequate ac fields. However
excitation and detection of such solutions have not been
perimentally done up to now. The main problem is relat
with the lack of any dc signal in the system showing t
existence of the DB state. In the case of the oscillobrea
all the phases oscillate around equilibria with zero me
voltage. The frequency of such oscillations is very high a
then it is not possible to follow the instantaneous voltage
any junction~such measurement would allow unambiguo
detection of the DB!. A possible operation for detecting th
solution would be a measurement of the local power of
radiation generated by the junctions in their oscillating d
namics. However, such experiment has not been tried ye

A more experimentally accessible possibility is the ex
tation of rotobreathersin JJ arrays. A rotobreather corre
sponds to a solution where one junction rotates at a gi
velocity meanwhile the others librate. Then the dc volta
for any librating junction is zero, while for the rotating on
will be different from zero. Such a solution is easy to dete
by measuring the local dc voltages throughout the array: t
all the efforts to date in detecting DB’s in Josephson arr
have been focused in detecting rotobreather states. Ano
important advantage of the rotobreather states is that in p
ciple they can be obtained by either biasing the array with
currents @based on the coexistence of attractors shown
Figs. 2~b! and 2~c!# or with a dc current~Fig. 1!. This last
possibility requires a simpler experimental approach.

One may wonder if these rotating localized modes ex
in JJ parallel arrays. In principle, in the uncoupled limit
the model, they can be easily built for the case of dc or
external bias. However, the convex character of the coup
between junctions in the array shows that any rotating m
will not be stable since the difference between neighbor
phases can not grow without limits. Physically, in a para
array the dc voltage is the same for all the junctions sin
they are connected by superconducting leads, thus prev
ing dc voltage localized solutions. To have rotobreathers
Josephson arrays we will need nonconvex interaction te
between neighbors.

V. THE JJ LADDER

A. The system

The simplest way to overcome the difficulty presented
the preceding section is to substitute the horizontal wi
connecting neighboring junctions by new JJ elements. Su
new configuration is know as Josephson ladder~see Fig. 4!.
From our perspective a Josephson ladder can be thoug
as a set of parallel pendula, the vertical junctions of the l
der, coupled by sinusoidal terms~the nonconvex terms! pro-
vided by the horizontal junctions. The intensity of the co
pling is governed by the ratio of the critical current for th
horizontal junctions I ch to the critical current for the

ay
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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737Chaos, Vol. 13, No. 2, 2003 Discrete breathers in Josephson arrays
vertical junctionsI cv . Thus, it is natural to study anisotrop
ladders where the anisotropy is controlled by the param
h5I ch/I cv . A large value ofh means that coupling betwee
vertical junctions will be strong meanwhile a small value
h means weakly coupled vertical junctions. Anisotropic
rays are fabricated by varying the area of the junctions. C
cal current and capacitance are proportional to this area
the resistance is inversely proportional to it. Thus, alsoh
5Ch /Cv5Rv /Rh and the dampingG and the plasma fre
quencyvp are the same for all the junctions.

The equilibrium properties of infinite ladders were stu
ied in Ref. 6 where it was proved that only the convex par
the interactions are relevant and that the equilibrium prop
ties of the model are qualitatively analogous to those of
parallel array. However, as we will see, the case is differ
for the dynamics of the system and indeed, rotobrea
states exist in Josephson ladders, meanwhile they are pro
ited for parallel ones.

Using the RCSJ model and the self-inductance appr
mation, we can derive the equations of an anisotropic lad
biased by external currents. From the fluxoid quantizat
condition it will be useful to define the number

j j5w j
v1w j

t2w j 11
v 2w j

b522p f j
ind . ~10!

In this equation we have consideredf j
ext50. Nonzero exter-

nal fields can be easily added to the model@see Eq.~8!#.
Rotobreathers in the ladder also exist in the presence of
ternal magnetic fields.

The mesh current is simplyi j
m52pl f j

ind52lj j and the
resulting equations can be written compactly as

N~w j
t !52

l

h
j j ,

N~w j
v!5l~j j 212j j !1 i ext, ~11!

N~w j
b!5

l

h
j j ,

where open boundaries conditions are imposed by se
j05jN1150. The anisotropy parameter appears after n
malizing the current by the vertical junction critical curre
I cv .

A rotobreather in the ladder corresponds to a localiz
voltage solution. A set of junctions are in a resistive st
with non zero time mean voltage (VjÞ0) meanwhile the
others librate withVj50 around an equilibrium state. Suc
solutions have been numerically found in the ladder for

FIG. 4. Anisotropic ladder array with uniform current injection. Vertic
junctions have critical currentI cv and horizontal junctionsI ch .
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case of dc and ac bias currents. Although first works de
with the ac case,4,7–9 the possibility of exciting and detectin
rotobreather solutions in ladders biased by dc external
rents it was proposed10,11 soon afterwards.

B. Theoretical proposal

Before the experiments were done, two different wor
studied numerically the possibility of detecting rotobreath
solutions in dc biased Josephson ladder arrays.

Flach and Spicci10 studied a ladder with periodic bound
ary conditions. They restricted the dynamics of the system
the subset of symmetric solutions defined by$w j

t%5$2w j
b%

in Eqs.~10! and~11!. Their simulations were done in array
with l51.0, h51.0, andG50.1. They found rotobreathe
solutions, proposed a method to excite them and studied
dynamics of the tails of the solutions and some aspects of
resonances between the breather solution and the ladde
ear modes.

In Ref. 11 we studied the dynamics of the ladder us
Eqs. ~11! and found the existence of rotobreather sta
which can be obtained by continuation from the smallh
limit. Simulations were done atG50.2 and many different
values ofh and l. We also proposed a simple method
experimentally excite and detect such solutions in real
rays. Interestingly we found the existence of two types
rotobreather solutions, what we called type-A and type
solutions. They correspond to two different voltage patte
in the array~see Fig. 5!. Type-B solutions comply with an
up–down symmetry of the system equations and thus we
one vertical rotating junction with voltageVrot and four hori-
zontal rotating ones with voltages6Vrot/2. Type-A solutions
are asymmetric being characterized by one vertical rota
junction with voltageVrot and two horizontal rotating one
with voltages6Vrot . We also studied the stability again
thermal fluctuations of the solutions and the method to ex
them. We studied open arrays of different sizes and saw
rotobreather states can be also excited in single sq
plaquettes. In this case, assuming a left–right symmetry
the equations and due to the exponential character of
localization phenomenon, we showed that the dynamics
rotobreathers in arbitrary size ladders can be approxima

FIG. 5. Two different voltage patterns for a one-site rotobreather in a
sephson ladder. Arrows represent rotating junctions, junctions with dc v
age different from zero.
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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738 Chaos, Vol. 13, No. 2, 2003 J. J. Mazo and T. P. Orlando
mapped to the dynamics of such states in a single sq
plaquette, once the coupling parameters,h andl, are conve-
niently renormalized.

C. The experimental detection

On the basis of these theoretical approaches the ex
mental effort to excite and detect localized solutions in
biased Josephson ladders was carried out independent
the group of Ustinov in Erlangen3 and the group of Orlando
at MIT.2 The experiments were done in anisotropic ladd
fabricated from niobium tunnel junctions which have alum
num oxide as the insulating barrier. After these works m
experiments were done and the results reported on var
publications.12–17

Experiments at MIT2 were done in open ladders wit
nine vertical junctions~see Fig. 6!. The anisotropy paramete
of the arrays wash51/4. Ladders were measured at tem
peratures from 4.2 to 9.2 K, which implies 0.03,G,0.6 and
0.04,l,0.45. We found DB’s forT,6.7 K which corre-
sponds toG,0.2 andl,0.05. The ladder was biased by

FIG. 6. ~Color! Josephson ladder designed to observe the rotobrea
states.
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dc external current and a set of bias resistors assured a
level of uniformity in the bias. Breathers were excited usi
an extra current source applied locally at the center of
array. This extra current was eliminated once the rotobrea
was excited. To detect the breather we measured loca
voltages at many different points of the array.

Figure 7 shows the result of two experiments where
DB solution was excited at a current close to 1.4 mA in t
central junction of a ladder with nine vertical junctions. Fir
the current was increased and the breather disappeare
current values close to the junction critical currents wh
the other vertical junctions jumped to the resistive state.
the second case the current was decreased. The exper
showed a cascade of transitions from the original one-
rotobreather to other multi-site breather states and finally
the zero voltage state at small enough currents. Such tra
tions are related with junction retrapping mechanisms.

In addition to the type-B solutions shown, we also fou
the asymmetric~type-A! states predicted by numerical simu
lations in Ref. 11.

Finally, by measuring at different temperatures we ma
an existence phase diagram of localized solutions in
current-damping plane and forh50.25 andl.0.05.

In Ref. 3 Binderet al. showed measurements in an a
nular ladder at 4.2 K. The anisotropy of the ladder wash
50.44, l50.37 and damping between 0.1 and 0.02. It
important to mention that these arrays have a value ol
almost one order of magnitude larger than those measure
MIT. Rotobreather solutions were also excited and obser
and they also found a cascade of switching transitions
multi-site states when decreasing the current. In their exp
ments the DB’s were detected by local dc voltage meas
ments and by using the method of low temperature scann
laser microscopy which allows for nice visual observatio
of the different patterns excited in the arrays.
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FIG. 7. Measured time-averaged voltages of five jun
tions in the center of the array as the applied curren
varied. V4 , V5 , V6 stand for the voltage in vertica
junctions number 4, 5, and 6 in a nine junction ladd
V4T andV5T for horizontal junction in the top branche
connecting the three previously mentioned vertic
junctions. The breather state was excited at a curr
close to 1.4 mA. When the current was increased
breather solution became unstable at a current close
mA and the array switches to a uniform resistive sta
where all the vertical junctions rotate with the sam
voltage. We can see that for the breather stateV45V6

50 and V4T52V5T5V5/2 which corresponds to the
breather state that we have coined as type-B state.
second experiment, a new breather was excited but n
the current was decreased. We observed that
breather becomes unstable at a current close to 0.8
and a new breather state is excited. This is a multi-s
breather state. New instabilities between differe
multi-site states occur and finally the array reaches
zero-voltage state at about 0.2 mA.
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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D. New experiments, analysis and simulations

After the first observations of localized states in Jose
son ladders, a series of new experiments and numerical w
were done. Some of the main results will be reviewed he

In Ref. 12 the Erlangen group reported on new expe
ments in open ladder arrays withh50.56. A large diversity
of rotobreather solutions were found. They detected type
type B and other mixed solutions as well as many differ
multi-site breather states. They used a simple dc mode
compute the retrapping current of a breather state and g
good agreement when comparing with the experiments. T
model uses shorts for the librating junctions and resistan
for the rotating ones and allows to include the effect of
bias resistors which help to provide a uniform bias curr
distribution in the ladder.

In Ref. 13 we presented an extensive study
experimental, theoretical, and numerical—of DB’s in J
sephson ladders. We experimentally detected a variety o
tobreather solutions~one-site, multi-site, type A, type B!.
The domain of existence of the solutions and the desta
zation mechanisms were studied by changing the bias cu
and temperature. We found a nice agreement between
experiments and the predictions of the theory based on th
circuit model. We also measured the magnetic field dep
dence of our solutions.

We also used the simple dc circuit model to analy
many of the experimental results. This model allows
evaluate the effect of the bias circuit and compute curre
voltage curves. We also used it to estimate the maximum
minimum currents for finding DB’s in the arrays. For th
estimation of the minimum current, retrapping current arg
ments were used meanwhile the maximum current is rela
to junction switching mechanisms. All the predictions agr
with our experimental results of smalll samples.

Numerical simulations of Eqs.~11! at the experimenta
values show results close to the experiments. The sim
tions also revealed the existence of many different DB attr
tors. We found periodic, quasiperiodic, and chaotic solutio
For periodic solutions, the Floquet stability analysis help
to study the destabilization of the solutions. In order to che
the robustness of the rotobreather states we studied the
namics of the solutions in the presence of thermal fluct
tions incorporated into the model by adding an appropr
noise current source to each junction.

The DB also excites waves in the ladder. Using a lin
analysis of the equations we calculated the frequencie
these small waves and showed that a resonance can o
when the breather frequency matches a frequency of the
ear wave. We have numerically verified that these resona
can cause instabilities in the localized solutions, but in m
of the cases the resonances are not strong enough fo
stroying the localization of the breather. We have also p
formed an harmonic balance approximation which allows
characterization of the amplitudes of type-A and type
breathers.

We made extensive simulations to obtain the regions
existence of DB’s for many different values of the four p
rameters of the systemh,I ,G,l ~Figs. 16–20 in Ref. 13!.
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These diagrams depend importantly on the array parame
and, in spite of the complexity, we found good agreem
with the predictions of the simple model in many cases.
important observation is that in general a smallG value re-
sults in a larger existence region. Thus, for small values
the damping (G50.1 for instance! DB’s are predicted to ex-
ist even at high values (h.1) of the anisotropy paramete
The dependence of the existence regions withl is more
complicated and only partly explained by resonances
tween DB frequencies and the lattice linear waves.

When varyingl we found different behaviors. At large
l, type-B solutions are strictly up–down symmetric@w j

t (t)
52w j

b(t)#, and at smalll this up–down symmetry is bro
ken ~although still we have a type-B solution!. In the inter-
mediate regions the resonances are important and the be
ior is much more complex. It is in this region where w
found chaotic localized solutions. One important conclus
of the simulations at different values ofl is the observation
of resonances in the IV curves which do not destroy the
solution. Such resonances are possible since for the exist
of DB’s, in the case of a forced and damped system
nonresonance condition is not necessary, because for any
quency the decay length is different from zero.

One of the more surprising experimental observatio
was the cascade of transitions between different multi-
breather states when decreasing the current applied to
array. Such issue was also the object of the numerical w
by Giles and Kusmartsev in Ref. 18. They studied a sligh
different system of equations and fixed the parametersh
50.44,G50.07,l50.21, found transition sequences simil
to the experimental ones and reported on large chaotic t
sients in the switching processes.

The cascade of transitions and the resonances betw
breathers and linear modes in the ladder was also theo
cally and numerically studied by Miroshnichenkoet al.19

Different resonances were classified and the dynamics of
tails of the breather were studied in detail. The behav
observed depends importantly on the value ofl. It was ob-
served that in many cases the interaction between
breather and the linear modes produces voltage jumps
tween different breather states. In other cases the resona
produce the switching of the breather state to the superc
ducting branch. Recently, Schusteret al.14 have experimen-
tally observed and studied the resonances excited by the
tobreather state. The arrays were characterized byG
50.025,h50.49 and a value ofl51.6, higher than any of
the samples previously measured. The theoretical predic
for the positions of the resonances was also compared
numerical simulations. In a different work Fistulet al.15

studied the quasiperiodic dynamics found in some of
resonant breathers experimentally found in arrays withl
52.6 andG50.025.

Binder and Ustinov16 have realized a systematic me
surement of many different rotobreather states in open
closed Josephson ladder arrays. Importantly, they did the
periments in arrays withh51.0 and h50.73, strongly
coupled arrays. They also discussed in detail the transit
between different states. In most of the cases the instabil
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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producing such transitions were due to retrapping curr
mechanisms.

E. Kink–breather interaction

Another interesting question related with the dynam
of DB’s is their interaction with other nonlinear excitation
such as with the vortices for the case of Josephson ladde
static vortex in the ladder corresponds to a phase config
tion similar to the one depicted in Fig. 8. In the presence
large enough external currents the static vortex is unst
and it moves along the ladder. We have numerically studie20

the collision between one vortex and a rotobreather in
ladder. Different scenarios were found~see Fig. 9!. Some-
times the rotobreather acted as a pinning center for the
tex. Then, including temperature in the model, we studied
activation process for the vortex, measured an activation
ergy for the vortex–breather interaction and develope
phenomenological model for estimating such energy.
higher currents the vortex excited multi-site breather sta
and got pinned by the breather. At higher currents a whirl
mode was excited by the vortex. The breather still acts a
pinning center, now for the front. At still higher currents th
traveling front excited by the vortex was able to destroy
rotobreather excitation.

F. ac biased ladders

Although all the experiments and most of the numeri
work has been done in the context of a ladder biased
constant currents, the original proposal by Florı´a et al.4 stud-
ied the excitation of localized modes in a ladder biased by
ac external field. Using a model simpler than Eqs.~11!, they
found oscillobreather and rotobreather localized solution
the dynamics of the array. In both cases the solutions
periodic, with the period of the external current or som
simple harmonic. These states and multi-site rotobreathe
lutions were also studied in Ref. 7. Martı´nezet al.8 studied in
detail the rotobreather solution. They showed results of
Floquet stability analysis of the periodic solutions done
many different values of the parameters of the array. Th
main different types of bifurcations were detected and s
tions of the multidimensional stability phase diagram co
puted. In these ladders excited by ac fields, it was found
characterized a new intrinsically localized chaotic solution
chaobreather.9 Such solution was obtained from a period
one which experiences a cascade of period-doubling bifu
tions when changing one of the parameters of the array.

FIG. 8. A vortex configuration in the ladder (I 50). Arrows represent phas
differences. The phases of the vertical junctions change from 0 to 2p as we
move from one edge to other of the ladder.
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VI. SINGLE PLAQUETTE ARRAYS

Rotobreather-like solutions can be also studied in sing
plaquette arrays. Figure 10 sketches such solutions in
arrays with three or four JJ. The case of a square cell w
four JJ was considered in Refs. 11 and 13. In this case
solution can be seen as a reduction of the solutions foun
the ladder where if we impose mirror symmetry with resp
to the rotating junction of a one-site rotobreather and, tha
to the localization of the breather solution, neglect the d
namics of junctions beyond the first neighbor to the rotati
we are left with a square plaquette with four junctions. T
equations for the plaquette can be mapped onto the equa
of the ladder withhplaq52hladd and lplaq52l ladd. Then it
was found that many of the main aspects concerning
solutions in the ladder can be studied in single cell arr
~see Fig. 5 in Ref. 11 and Figs. 25 and 27 in Ref. 13!.

Benabdallahet al.21 have done an analytical and nume
cal study of the rotobreather states in a single plaquette w
three junctions. They showed that this system is comp
enough to show most of the phenomena observed in Jos
son ladders. They realized an exhaustive computation of
regions of existence of the solutions as a function of
array parameters and found that the rotobreather states
in a large range of control parameters. They also studied
stability and the resonant behavior of the breather solu
and found that resonances are very important for mode
values ofl, where large instability regions appear. Such
stabilities are very sensitive to the damping parameter.

Fistul et al.22 studied the effect of external magnet
fields in the dynamics of rotobreather states in a single
with three junctions. They analyzed mainly the effect of t
field on the breather resonances and instabilities, and sho
that using the applied field it is possible to control such
stabilities. In particular they show how to increase or d
crease the height of the resonant steps and to suppres
voltage jumps in the current–voltage characteristics.

The single loop with three junctions has been expe
mentally studied by Pignatelli and Ustinov23 very recently.
They were able to measure the solutions in a wide rang
parameter values. The study of the range of existence of
localized solutions confirmed the theoretical predictio
based on the application of the dc model to the plaquett21

They also studied the behavior of the different resonan
observed in the plaquette and the effect of external magn
fields. The experimental results are in a very good agreem
with the previous analytical predictions of Ref. 22.

VII. TWO-DIMENSIONAL JJ ARRAYS

Josephson junctions can be also connected makin
two-dimensional array. Such arrays have been paradigm
experimental systems for the study of many dynamical a
thermodynamical problems: the Kosterlitz–Thouless tran
tion, commensurability effects, vortex flow, synchronizatio
etc.24

It also is worth mentioning that complex inhomogeneo
resistive patterns in dc-driven 2D arrays have been exp
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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FIG. 9. Simulations of vortex–breather collision in a Josephson ladder. For all the cases the initial condition is a one-site rotobreather in junction 11 of the
ladder and a vortex in junction 47. The figures plot the value of the instantaneous voltage at every junction.G50.1, f ext50.3, h50.5, andl55.0. From~a!
to ~d! we have increased the applied current.~a! i 50.45, the moving vortex is pinned by the breather.~b! i 50.5 the vortex switches some of the vertic
junctions to rotate. The final state shows three multi-site rotobreathers with 3, 6, and 8 vertical rotating junctions.~c! i 50.55, the vortex excites all of the
vertical junctions in its wake. In the final state the ladder is divided in three domains, two superconducting and one resistive in the center.~d! i 50.59, the
vortex switches vertical junctions and annihilate the breather.
-
y.
ys
he
n
ee
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e with
mentally observed by Abraimovet al.25 Such patterns corre
spond to a broken symmetry of row switching in the arra

The existence of DB’s in two two-dimensional JJ arra
~2DJJA! has been studied recently in Ref. 26. Based on t
oretical arguments from the uncoupled limit of the lattice a
on numerical simulations, rotobreather solutions have b
predicted to exist in 2DJJA biased by ac currents. Such
calized solutions correspond to the voltage localized solu
depicted in Fig. 11: four junctions sited in the bulk of th
array are in the resistive state, two with voltages1V and two
Downloaded 29 May 2003 to 155.210.16.42. Redistribution subject to AIP
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FIG. 10. Sketches of generalized breather solutions in single cell arrays
four and three Josephson junctions.
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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with 2V, while the rest follow the ac field in an oscillatin
state of mean voltageV50.

The breathers have been numerically obtained in m
different situations. The possibility of parallel (i x

ext50, i y
ext

Þ0) or diagonal (i x
ext5 i y

extÞ0) bias were considered. From
simulations with single junctions we mostly studied brea
ers with G50.02 and v5p/2 @from Fig. 2~b!#, and G
50.003 andv5p @from Fig. 2~c!#. With respect to the cou
pling parametersl and h, different types of rotobreathe
solutions were obtained either ath51 and smalll; h51 and
very largel or smallh. Most of the rotobreathers resulted
be periodic with the period of the external field and in ad
tion to standard numerical simulations of the dynamics

FIG. 11. Sketch of the 2DJJA with breather.
Downloaded 29 May 2003 to 155.210.16.42. Redistribution subject to AIP
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studied the stability of the solutions by means of Floqu
analysis and the robustness of the solutions with respec
external noise by introducing noise current sources in
dynamics of the junctions. Simulations were done in
311, 25325, and 1003100 arrays.

Figure 12 shows four snapshots along one period of
phase dynamics for two rotobreather solutions simulated
two very different situations~see captions!.

In relation to the issue of a possible experimental obs
vation of DB’s in 2DJJA, the simulations were done at e
perimentally accessible parameter values and it was foun
numerical protocol to excite DB’s in the array. The protoc
is based in the possibility of adding a local dc current th
should be injected in one central island of the array a
extracted from the four neighboring islands: First, using
local dc injection it is possible to cause four junctions
rotate, once this occurs we decrease the current to a s
value but large enough to maintain the localized rotati
Then the ac field is applied increasing slowly the amplitu
of the signal from zero. The process ends by eliminating
remaining small local dc bias. With respect to the detecti
it can be done for instance by measuring local voltages
different points of the array.

VIII. CONCLUSIONS

In the last six years an important effort has been done
study and observe DB solutions in Josephson arrays. Mos
this effort was concentrated in Josephson ladder arrays
dc biased breathers. The main issues concerning the dyn
ics of the modes have been studied and satisfactorily un
stood. Recent experiments have been also done in dc bi
single cells.

However, there are still interesting questions to answ
. Arrow

l or
FIG. 12. Four snapshots of the phase evolution for two different DB solutions in a 2DJJA with different bias and very different parameter valuess
represent phases of the junctions and we show the central part of a 11311 array. The solutions are time periodic~period T) and time increases from 0
~arbitrary! to 3T/4 as labeled. The rotobreather solution is localized in the four central junctions which rotate. Left, current is biased in the diagona~11!
direction (l50.1, h51.0, i ac55.0, G50.003, andv5p). Right, current is biased along they or ~01! direction (l55.0, h50.05, i ac50.7, G50.02, and
v5p/2).
 license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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and new experiments to design. The excitation and obse
tion of ac biased breathers is perhaps the most interes
one. Such work can be done in single cells, ladders and t
dimensional arrays, in order of complexity.

Other of the aspects which still lack of an experimen
study is the interaction of DB’s with vortices in Josephs
arrays.

We finish with another interesting issue to consider, a
is the role, if any, of localized modes in the general probl
of approach to equilibrium in Josephson arrays.
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