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Since the original proposal of 1996 by Flaet al. [Europhys. Lett.36, 539 (1996] of intrinsic
localization in Josephson ladders, many efforts have been devoted to the theoretical, numerical, and
experimental study of such dynamical states in Josephson arrays. Such efforts have already
produced around 20 papers on the subject. In this article we will try to review the basic aspects of

the physics of discrete breathers in Josephson array0@3 American Institute of Physics.
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One of the concepts from nonlinear science with more
important consequences when applied to condensed mat-
ter physics is that of coherent structuresLinear models of
crystals, which have been instrumental in developing a
physical understanding of the solid state, cannot explain
many other important properties. For example, spatially
or temporally coherent structures appear in many non-
linear extended systems. In the last few years, these no-
tions have become fundamental for understanding differ-
ent problems and their implications extend over many
research areas. For instance, it was discovered and
proved that in discrete systems nonlinearity may lead to
localized vibrations in the lattice that cannot be analyzed
using the standard plane wave approach. These intrinsic
localized modes have been termed discrete breathers and
because they are generic modes in nonlinear lattices, they
are the object of great theoretical and numerical atten-
tion in diverse fields. Recently, two experimental groups
have reported the detection of intrinsic localized modes in
superconducting arrays. In this article we will review the
basic aspects of the physics of discrete breathers in Jo-
sephson arrays.

I. INTRODUCTION

One of the more novel solutions in nonlinear lattices arearrays

the intrinsic localized modes or discrete breath@B’s), a

experimental system to study the phenomenon of intrinsic
localization. They numerically found two classes of attract-
ing time-periodic solutions whose energy is exponentially
localized: oscillator localized modéer oscillobreathers, in
which the amplitude of the oscillations of the phases is lo-
calized; and rotor localized modésr rotobreather$ where

one phase rotates meanwhile the other describe forced oscil-
lations.

Soon after, Sepulchre and MacRayroved the existence
of DB’s in dissipative networks of weakly coupled oscilla-
tors. This work deals mainly with autonomous systems, but
in the discussion and conclusions section the authors sketch a
proof for the case of ac forced lattices.

These works prove the existence of DB’s in dissipative
lattices and propose JJ arrays as an adequate experimental
system to excite and detect such modes. In what follows we
will review the theory and experiments made up to now
which show the existence of localized modes in different
types of Josephson arrays. Please also see the review articles
by Ustinovet al. and Fistulet al. in this issue.

We will start with the dynamics of a single JJ biased by
an external current. Then we will consider Josephson arrays
and introduce a framework to the study of the arrays. In Sec.
IV we study the case of a JJ parallel array, where only oscil-
lating localized modes can be found. Section V is the main
section of the review, there we consider Josephson ladder
In Sec. VI we review the work in single plaquette
Josephson arrays. Section VIl is devoted to the recent pre-

dynamical solution for which energy remains sharply local-yiction of the existence of DB’s in the dynamics of two-

ized in a few sites of the latticeArrays made of Josephson

dimensional JJ arrays. We finish with a conclusion section.

junctions (JJ'9 are one of the experimental systems where

such states have been recently excited and detééted.

Il. THE SINGLE JJ CIRCUIT

From a nonlinear dynamics perspective a Josephson A Josephson tunnel junction is formed by two supercon-

junction biased by an external current behaves as a forcedicting electrodes separated by a thin insulating barrier. For
and damped pendulum. Similarly, a set of superconductinghe case of junctions in the so-called classical regime, the
islands coupled by Josephson junctions is modeled as a setloéhavior of the junction is described in terms of the gauge-
coupled pendula. invariant phase difference variable, The basic equations

In the work by Floraet al? a particular JJ configuration, for the Josephson effect show that the supercurrent through
the ladder, biased by ac currents was proposed as an idehlke junction is given by
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l=I¢sine, (1) T 7]
1.0 I'=0. : .

with | the critical current or maximum supercurrent of the ’ I
junction. The voltage through the junction is -

b, d 0,5 _
0=% @ i, .

2w dt : -

V(t)=

where®,=h/2e=2.07x10 '* Wb is called the flux quan- '
tum. The phase difference is defined as=6,—86, r af /1,
— (27 D) ff,&al, whereA is the vector potential and () 05 F I -
the phases of the wave function of the superconducting stat
at each side of the junction. | 't
A single junction in an electrical circuit can be described  -1.0 ¥ ok AR N
by the RCSJresistively and capacitively shunted junction i / . S 00 s 10 1
model. In this model the junction consists of three branches: 1,5 1,0 0,5 0,0 0,5 1,0 1,5
one capacitive, one resistive and one superconducting, cor
nected in parallel. The total current through the junction is

<>

FIG. 1. IV curve for a JJ with a linear resistor biased by a dc current. Two
solutions coexist for currents between the critical and the retrapping currents
(in this case damping was setlo=0.2 sol,=0.23 ). The inset shows an
experimental IV curve for a tunnel junction. The resistance of the junction

If we write the equation in terms of the phase diﬁerencebelow the gap voltagésubgap resistangelearly differs from the resistance
. . above the gap voltag@ormal resistange
and normalize current by, and time by the plasma fre-

quencyw,=y2ml /P,C, we get

i=p+To+sing=Maeo), 4

I—Cdv v |.Si 3
= E+ﬁ+ cSine. 3

o+Tp+sing=ige. (5)

where we have defined the nonlinear operattp) and the  Two different states are observed. For currents below the
dissipation or damping parameter of the junction is given byunction critical current (6<i4<1) a solution of Eq(5) is
['=®y/2m CR". the superconducting state =0 ande=sin tiy.. For cur-
Typical values for tunnel junctions involved in the DB rents larger than the critical current the phasttes with
experiments are a critical current density of 1 kA’cand  v/+£0 and the junction is in a resistive state. Depending on
capacitance per unit area ofud=/cn? which gives a plasma  the value of the damping and the initial condition this resis-
frequencyw,/2m close to 100 GHz. Thus it is not possible to tjve state exists also below the critical current and down to
follow the instantaneous dynamics of the phases. A quantityajues of the current larger than the so-called junction retrap-
which is easy to measure is the dc voltage of the junction ping currentl, . For sufficiently underdamped junctions
(time averaged voltagewhich is directly related with the can be estimated easily from energy considerations and
mean velocity of the phaseV/w,=(Po/2m){(¢), also | /| ~4l'/x, also(p)~ig/T. Thus, for values of the cur-
VI .R=T(¢). rentl,<l4<l., underdamped junctions show an hysteresis
Equation(4) is also the equation for the dynamics of the |opop where two different attractors, one superconducting
phase of a forced and damped pendulum. Thus, the dynamiggith V=0 and the other resistive witli+ 0 coexist(see Fig.
of a tunnel junction biased by external currents is similar tog).
the behavior of a force and damped pendulum. This simple
analog between the junction and the mechanical pendulum
turns out to be very useful to understand the main dynamicaé
properties of the system. '
For junctions with an external resistive shunt the effec-  The case of a junction biased by an ac current is more
tive resistance is the shunted resistance. However, for owwomplex and depending on the parameter values and initial
unshunted junctions, the resistance is a nonlinear function afonditions different amplitude oscillations, periodic phase
the voltage and can be modeled as having a large value attations and chaotic solutions are found. Now with
below the gap voltage, rising sharply near the gap voltages | ,cSinwst and w=w/w,, the normalized governing
and then remaining the normal state resistance above theguation is
gap. This extra structure due to the nonlinear resistance will
be reflected in the experimental datee inset of Fig. /1 In
what follows we will sketch the simplest properties of a JJIn what follows we will consider three different cases of
with a linear resistor and biased by external currents. interest for our purpose.
A de bias Flgur.e Z{a) shqws a situation where two 'dlfferent ampli-
' tude periodic oscillations coexist for certain values of the
Let us first consider a junction biased by a constant curjunction parameters. In both casgs)=0 so we have plot-
rentig=1qyc/lc, then ted the value ob .= \/2(6,02} which is larger for the case of

rf fields

o+To+sing=i,Sinwr. (6)
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large amplitude oscillations. Therefore we observe two dif-behave as coupled nonlinear oscillator lattices. Thus, Joseph-
ferent amplitude solutions which coexist for certain range ofson arrays are appropriate experimental systems for the study
i ac- of the phenomenon of intrinsic localization.
Figure Zb) shows a situation where an oscillating state  To derive general equations for the dynamics of JJ arrays
({(¢)=0) can coexist with two rotating states synchronizedone has to consider Kirchoff's conservation la@er the
to the external field (¢) = * w). current and for the voltagend the fluxoid quantization con-
Figure Zc) shows a situation where an oscillating statedition. Fluxoid quantization demands that for any Idom
({¢)=0) can coexist with many different rotating states syn-the array (with at least one junctionthe sum of all the
chronized to the external field ¢)= (n/m) w). gauge-invariant phase differences around the loop is

[ll. 33 ARRAYS

2 ej=2m(n—f)). (7)

By coupling JJ with superconducting leads it is possible
to make arrays of desired size and geometry. Such arrayBhe integer numben, results from the multivaluedness of
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iext oscillating attractors, for instance the states shown in Fig.
T T T T T T T 2(a). In this limit the localized solution is trivial and the
existence theorems show us that we can continue such solu-
tions when increasing from zero the value of the coupling.
X X )((pj_l *(PJ )((pj+1 * X Then, for some values of the junction parameters and for
some range of values of the coupling, DB’s should exist in JJ
T T T T T T T parallel arrays biased by adequate ac fields. However the

excitation and detection of such solutions have not been ex-

perimentally done up to now. The main problem is related
FIG. 3. JJ parallel array biased by a external current. Junctions in the arrawith the lack of any dc signal in the system showing the
are represented by crosses. existence of the DB state. In the case of the oscillobreather
all the phases oscillate around equilibria with zero mean
voltage. The frequency of such oscillations is very high and

the RCSJ model the dynamical equations depend onky,on then'lt is pot possible to follow the instantaneous vol_tage in
. ) . . . any junction(such measurement would allow unambiguous
¢, and sinp the equations of motion are independent of the

n, and we will eliminate them from our equations in what detection of the DB A possible operation for detecting the

follows. The termf, accounts for the total magnetic flux solution would be a measurement of the local power of the

through the loop, measured in units of the magnetic fluXradlatlon generated by the junctions in their oscillating dy-

quantum®,,. It has two contributions: the flux due to exter- hamics. However, such experiment has not been tried yet.

nal fields applied to the array; and the flux induced by the .. A more expenment.ally accessible possibility is the exci-
o tation of rotobreathersin JJ arrays. A rotobreather corre-
currents flowing in the system. In general, to compute the

total induced flux in a cell of the array one must take intoSponds to a solution where one junction rotates at a given

account a full inductance matrix with contributions from all velocity meanwhile the others librate. Then the dc voltage

. . for any librating junction is zero, while for the rotating on
the mesh currents in the array. However, in many cases wer any brating junction is zero, e for the rotating one

. . S L7 will be different from zero. Such a solution is easy to detect
can work with the simplest approximation of taking into ac- by measuring the local dc voltages throughout the array: thus
count only the self-inductance ) of each cell. In this case Y g 9 9 y:

for any simple mesh of the array we will write all the efforts to date in detecting DB’s in Josephson arrays
have been focused in detecting rotobreather states. Another
ext . eind ot Llm important advantage of the rotobreather states is that in prin-
jgm ¢j=—2m(fn +im)=—2mfn— PN ®) ciple they can be obtained by either biasing the array with ac
currents[based on the coexistence of attractors shown in
wherel , is the mesh current and=®o/27LIc with L isthe  Figs, 2b) and Zc)] or with a dc currentFig. 1). This last

the superconducting phase variab{@s However, since in

self-inductance. possibility requires a simpler experimental approach.
One may wonder if these rotating localized modes exist
IV. THE JJ PARALLEL ARRAY in JJ parallel arrays. In principle, in the uncoupled limit of

One of the simplest Josephson arrays containing man

junctions is the uniform JJ parallel array, see Fig. 3. Within X X ) i
the framework of the RCSJ model this array is a Iohysicapetween junctions in the array shows that any rotating mode

realization of a one-dimensional lattice of pendula coupled’vIII not be stable since the difference between neighboring

by torsional springs. The dynamical equation for the evoluphases can not grow_without limits. Physically, in a para_lllel
tion of the phases are given by array the dc voltage is the same for all the junctions since

they are connected by superconducting leads, thus prevent-

Me)=Nej11=2¢j+ ¢j 1) e (9  ing dc voltage localized solutions. To have rotobreathers in
For an open array withl junctions(and zero external mag- Josephson arrays we will need nonconvex interaction terms
netic field the boundary conditions atg, = @y.;=0. Inthe  Petween neighbors.
case of circular arrays we impose periodic boundary condi-
tions ¢ y=¢j+27M whereM is the number of kinks or v. THE JJ LADDER
fluxons trapped in the array.

Equation(9) corresponds to the widely studied Frenkel—
Kontorova model or discrete sine-Gordon equation. It is one  The simplest way to overcome the difficulty presented in
of the simplest models where localized modes have beethe preceding section is to substitute the horizontal wires
proven to existsee for instance the article by Maréizet al.  connecting neighboring junctions by new JJ elements. Such a
in this issué. In this case the array is biased by an field new configuration is know as Josephson lad@dee Fig. 4.
and a typical DB mode corresponds to a solution where on&rom our perspective a Josephson ladder can be thought of
of the phases describes a large amplitude oscillation. Mearas a set of parallel pendula, the vertical junctions of the lad-
while, the others describe small amplitude oscillations. Thigder, coupled by sinusoidal ternihe nonconvex termspro-
state has been callezscillobreather Mathematically, thex vided by the horizontal junctions. The intensity of the cou-
—0 limit of the system corresponds to a set of uncoupledling is governed by the ratio of the critical current for the
pendula. There, to build the breather, we need two coexistingorizontal junctionsl, to the critical current for the

?e model, they can be easily built for the case of dc or ac
xternal bias. However, the convex character of the coupling

A. The system
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. . . L . . FIG. 5. Two different voltage patterns for a one-site rotobreather in a Jo-
vertical junctionsl g . Thus, it is natural to SIUdy anisotropic sephson ladder. Arrows represent rotating junctions, junctions with dc volt-

ladders where the anisotropy is controlled by the parametetge different from zero.
h=1/1. . Alarge value ofh means that coupling between
vertical junctions will be strong meanwhile a small value of

h means weakly coupled vertical junctions. Anisotropic ar-case of dc and ac bias currents. Although first works dealt
rays are fabricated by varying the area of the junctions. Critiyith the ac casé/°the possibility of exciting and detecting

cal current and capacitance are proportional to this area angtohreather solutions in ladders biased by dc external cur-
the resistance is inversely proportional to it. Thus, &lso rents it was proposéd soon afterwards.

=C,/C,=R,/R;, and the dampind’ and the plasma fre-
quencyw, are the same for all the junctions.
The equilibrium properties of infinite ladders were stud-B. Theoretical proposal
ied in Ref. 6 where it was proved that only the convex part of , i
the interactions are relevant and that the equilibrium proper- B€fore the experiments were done, two different works
ties of the model are qualitatively analogous to those of thegtlw“_Ed ngmerlcglly the possibility of detecting rotobreather
parallel array. However, as we will see, the case is differen?OIUtIons in dc blgsed Jos_ephson Iadde_r arrays.
for the dynamics of the system and indeed, rotobreather F'ach and Spiccf studied a ladder with periodic bound-

states exist in Josephson ladders, meanwhile they are prohilty conditions. They restricted the dynamics of the system to
ited for parallel ones. the subset of symmetric solutions defined {lzp}]}:{— ?]

Using the RCSJ model and the self-inductance approxii-n Egs.(10) and(11). Their simulations were done in arrays

mation, we can derive the equations of an anisotropic Iadde‘f”ith _)‘: 1.0,h=1.0, andl'=0.1. They found rotobreat_her
biased by external currents. From the fluxoid quantizatiorr©'utions, proposed a method to excite them and studied the
condition it will be useful to define the number dynamics of the tails of the solutions and some aspects of the

t . .y resonances between the breather solution and the ladder lin-
§=¢)toj—@f 1~ g)=—27f". (100 ear modes.

In this equation we have consideréﬁ]‘tzo. Nonzero exter- In Ref. 11 we studied thg dynamics of the ladder using
nal fields can be easily added to the mofe Eq.(8)]. Egs. (11) and found the existence of rotobreather states

Rotobreathers in the ladder also exist in the presence of e>¥_‘-’h?0h can b,e obtained by continuation from the' small
ternal magnetic fields. limit. Simulations were done df=0.2 and many different

The mesh current is Simpl)rzzﬂ_)\fijnd: —\¢ and the value§ ofh and A. We also proposed a S|mple method to
resulting equations can be written compactly as experimentally excite and detect such solutions in real ar-
rays. Interestingly we found the existence of two types of

w_ AN rotobreather solutions, what we called type-A and type-B
N(‘Pi)_ B ﬁgi ' solutions. They correspond to two different voltage patterns
. ) in the array(see Fig. 5. Type-B solutions comply with an
N(‘Pi )=N(E 1= &) Hexs (1D up—down symmetry of the system equations and thus we find
A one vertical rotating junction with voltagé,.; and four hori-
./\/(<p]b) = Héj , zontal rotating ones with voltagesV,,/2. Type-A solutions

are asymmetric being characterized by one vertical rotating

where open boundaries conditions are imposed by settinginction with voltageV,,; and two horizontal rotating ones

éo=¢&n+1=0. The anisotropy parameter appears after norwith voltages*V,,;. We also studied the stability against
malizing the current by the vertical junction critical current thermal fluctuations of the solutions and the method to excite
loy- them. We studied open arrays of different sizes and saw that
A rotobreather in the ladder corresponds to a localizedotobreather states can be also excited in single square
voltage solution. A set of junctions are in a resistive stateplaquettes. In this case, assuming a left—right symmetry in
with non zero time mean voltage/(+0) meanwhile the the equations and due to the exponential character of the
others librate withV;=0 around an equilibrium state. Such localization phenomenon, we showed that the dynamics of
solutions have been numerically found in the ladder for therotobreathers in arbitrary size ladders can be approximately
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dc external current and a set of bias resistors assured a good
level of uniformity in the bias. Breathers were excited using
an extra current source applied locally at the center of the
array. This extra current was eliminated once the rotobreather
was excited. To detect the breather we measured local dc
voltages at many different points of the array.

Figure 7 shows the result of two experiments where a
DB solution was excited at a current close to 1.4 mA in the
central junction of a ladder with nine vertical junctions. First
the current was increased and the breather disappeared at
current values close to the junction critical currents where
the other vertical junctions jumped to the resistive state. In
FIG. 6. (Colon Josephson ladder designed to observe the rotobreatheihe second case the current was decreased. The experiment
states. showed a cascade of transitions from the original one-site
rotobreather to other multi-site breather states and finally to

. . . the zero voltage state at small enough currents. Such transi-
mapped to the dynamics of such states in a single square

. tions are related with junction retrapping mechanisms.
plaquette, once the coupling parametérgnd)\, are conve- . .
niently renormalized In addition to the type-B solutions shown, we also found

the asymmetrigtype-A) states predicted by numerical simu-
lations in Ref. 11.
Finally, by measuring at different temperatures we made
On the basis of these theoretical approaches the expe@n existence phase diagram of localized solutions in the
mental effort to excite and detect localized solutions in dccurrent-damping plane and for=0.25 and\ =0.05.
biased Josephson ladders was carried out independently by In Ref. 3 Binderet al. showed measurements in an an-

the group of Ustinov in Erlangérand the group of Orlando  nular ladder at 4.2 K. The anisotropy of the ladder was

at MIT.? The experiments were done in anisotropic ladders— 0.44, \=0.37 and damping between 0.1 and 0.02. It is
fabricated from niobium tunnel junctions which have alumi-
num oxide as the insulating barrier. After these works mor
experiments were done and the results reported on vario

C. The experimental detection

important to mention that these arrays have a value\ of
SImost one order of magnitude larger than those measured at

o 217 l1\"7\1IT. Rotobreather solutions were also excited and observed
publications: e .

Experiments at MIT were done in open ladders with and .th.ey also found a cascaQe of switching tran§|t|ons tg
nine vertical junctiongsee Fig. 6. The anisotropy parameter multi-site states when decreasing the current. In their experi-
of the arrays wa$i=1/4. Ladders were measured at tem- Mments the DB’s were detected by local dc voltage measure-
peratures from 4.2 to 9.2 K, which implies 0:08'<0.6 and ments and by using the method of low temperature scanning
0.04<\<0.45. We found DB’s folT<6.7 K which corre- laser microscopy which allows for nice visual observations
sponds tal"<0.2 and\A <0.05. The ladder was biased by a of the different patterns excited in the arrays.

3,0 . . . . , . , :

- T=52K | FIG. 7. Measured time-averaged voltages of five junc-
tions in the center of the array as the applied current is
251 vV .V v,.V Vl 7 varied. V,, Vs, Vg stand for the voltage in vertical
Resistive branch i junctions number 4, 5, and 6 in a nine junction ladder.
V,r andVs7 for horizontal junction in the top branches
P O S . ‘ _____ - connecting the three previously mentioned vertical

junctions. The breather state was excited at a current
close to 1.4 mA. When the current was increased the
breather solution became unstable at a current close to 2
mA and the array switches to a uniform resistive state,
I v V..V, Vi current where all the vertical junctions rotate with the same
voltage. We can see that for the breather stgte Vg

1,0 |- 1 =0 andV,r=—Vsr=Vs/2 which corresponds to the
""""""""""""""""""""""""""""""""""""""" )y breather state that we have coined as type-B state. In a
i Multi-site Vi, Vi 1 second experiment, a new breather was excited but now
Watber states V..V..V / - the current was decreased. We observed that the
. 47 s Tey breather becomes unstable at a current close to 0.8 mA
- : and a new breather state is excited. This is a multi-site
Zerp voltage state JV,, V.. V.,V V. ) ) breather state. New instabilites between different

1 0 1 5 3 multi-site states occur and finally the array reaches its
zero-voltage state at about 0.2 mA.

1,5 F Breather state Tnitial 7]

Total applied current (mA)

0,5

0,0
Junction Voltage (mV)
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D. New experiments, analysis and simulations These diagrams depend importantly on the array parameters;
After the first observations of localized states in Joseph-and’ in spite of the complexity, we found good agreement

son ladders, a series of new experiments and numerical Woewth the predictions of the simple model in many cases. An

were done. Some of the main results will be reviewed here'.mpOrtant observation is that in general a snialvalue re-

In Ref. 12 the Erlangen group reported on new experi-SUItS in a.larger existen_ce region. Thus, for small values of
ments in open ladder arrays with=0.56. A large diversity € damping ['=0.1 for instanceDB's are predicted to ex-
of rotobreather solutions were found. They detected type AISt €ven at high valuesh(>1) of the anisotropy parameter.
type B and other mixed solutions as well as many different N dependence of the existence regions withs more
multi-site breather states. They used a simple dc model tgomPplicated and only partly explained by resonances be-
compute the retrapping current of a breather state and got /€en DB frequencies and the lattice linear waves.
good agreement when comparing with the experiments. This WWhen varyingk we found different behaviors. Att large
model uses shorts for the librating junctions and resistance typt()a—B solutions are strictly up—down symmetfig;(t)
for the rotating ones and allows to include the effect of the= ~ i (1)], and at smalk this up—down symmetry is bro-

bias resistors which help to provide a uniform bias current€n (although still we have a type-B solutiprin the inter-
distribution in the ladder. mediate regions the resonances are important and the behav-

In Ref. 13 we presented an extensive study—ior is much more complex. It is in this region where we
experimental, theoretical, and numerical—of DB’s in Jo-found chaotic localized solutions. One important conclusion

sephson ladders. We experimentally detected a variety of rdf the simulations at different values ifis the observation
tobreather solutiongone-site, multi-site, type A, type )B of resonances in the IV curves which do not destroy the DB
The domain of existence of the solutions and the destabiliSolution. Such resonances are possible since for the existence

zation mechanisms were studied by changing the bias curreff DB's, in the case of a forced and damped system the
and temperature. We found a nice agreement between tionresonance condition is not necessary, because for any fre-
experiments and the predictions of the theory based on the di/eéncy the decay length is different from zero.
circuit model. We also measured the magnetic field depen- One of the more surprising experimental observations
dence of our solutions. was the cascade of transitions between different multi-site
We also used the simple dc circuit model to analyzebreather states when decreasing the current applied to the
many of the experimental results. This model allows toarray. Such issue was also the object of the numerical work
evaluate the effect of the bias circuit and compute currentby Giles and Kusmartsev in Ref. 18. They studied a slightly
voltage curves. We also used it to estimate the maximum andifferent system of equations and fixed the parametets at
minimum currents for finding DB’s in the arrays. For the =0.44,I'=0.07,A=0.21, found transition sequences similar
estimation of the minimum current, retrapping current argu{o the experimental ones and reported on large chaotic tran-
ments were used meanwhile the maximum current is relategients in the switching processes.
to junction switching mechanisms. All the predictions agree ~ The cascade of transitions and the resonances between
with our experimental results of smallsamples. breathers and linear modes in the ladder was also theoreti-
Numerical simulations of Eqg11) at the experimental cally and numerically studied by Miroshnichenled all®
values show results close to the experiments. The simuldlifferent resonances were classified and the dynamics of the
tions also revealed the existence of many different DB attractails of the breather were studied in detail. The behavior
tors. We found periodic, quasiperiodic, and chaotic solutionspbserved depends importantly on the value\oft was ob-
For periodic solutions, the Floquet stability analysis helpedserved that in many cases the interaction between the
to study the destabilization of the solutions. In order to checkoreather and the linear modes produces voltage jumps be-
the robustness of the rotobreather states we studied the diween different breather states. In other cases the resonances
namics of the solutions in the presence of thermal fluctuaproduce the switching of the breather state to the supercon-
tions incorporated into the model by adding an appropriatelucting branch. Recently, Schusttral'* have experimen-
noise current source to each junction. tally observed and studied the resonances excited by the ro-
The DB also excites waves in the ladder. Using a lineatobreather state. The arrays were characterized Iby
analysis of the equations we calculated the frequencies of 0.025,h=0.49 and a value ok =1.6, higher than any of
these small waves and showed that a resonance can ocdbe samples previously measured. The theoretical prediction
when the breather frequency matches a frequency of the lirfor the positions of the resonances was also compared with
ear wave. We have numerically verified that these resonancesimerical simulations. In a different work Fistelt al*
can cause instabilities in the localized solutions, but in mosstudied the quasiperiodic dynamics found in some of the
of the cases the resonances are not strong enough for desonant breathers experimentally found in arrays with
stroying the localization of the breather. We have also per=2.6 andl’=0.025.
formed an harmonic balance approximation which allows the ~ Binder and Ustinot® have realized a systematic mea-
characterization of the amplitudes of type-A and type-Bsurement of many different rotobreather states in open and
breathers. closed Josephson ladder arrays. Importantly, they did the ex-
We made extensive simulations to obtain the regions operiments in arrays withh=1.0 and h=0.73, strongly
existence of DB’s for many different values of the four pa- coupled arrays. They also discussed in detail the transitions
rameters of the system,|,I',A (Figs. 16—20 in Ref. 3  between different states. In most of the cases the instabilities
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VI. SINGLE PLAQUETTE ARRAYS

? X )5 4( )§,4( o )|(:§ 3 )5 X ? Rotobreather-like solutions can be also studied in single-
3¢ 3¢ \X 3¢ 3¢ ] plaquette arrays. Figure 10 sketches such solutions in cell
T z\ 7\ f 3‘ T arrays with three or four JJ. The case of a square cell with

o four JJ was considered in Refs. 11 and 13. In this case the
g.'G' 8. A vortex configuration in the ladder 0). Arrows represent phase g 1tion can be seen as a reduction of the solutions found in
ifferences. The phases of the vertical junctions change from Grtas2ve ) ) . .
move from one edge to other of the ladder. the ladder where if we impose mirror symmetry with respect
to the rotating junction of a one-site rotobreather and, thanks
to the localization of the breather solution, neglect the dy-
producing such transitions were due to retrapping curren'?amiCS ofjun_ctions beyond the first ne_ighbor to thg rotating,
mechanisms we are left with a square plaquette with four junctions. Thg
' equations for the plaquette can be mapped onto the equation
of the ladder withhy,q=2hjagq @Nd N gjag= 2N jagg- Then it
was found that many of the main aspects concerning DB
solutions in the ladder can be studied in single cell arrays
Another interesting question related with the dynamics(see Fig. 5 in Ref. 11 and Figs. 25 and 27 in Ref). 13
of DB’s is their interaction with other nonlinear excitations, Benabdallatet al?! have done an analytical and numeri-
such as with the vortices for the case of Josephson ladders.al study of the rotobreather states in a single plaquette with
static vortex in the ladder corresponds to a phase configurdhree junctions. They showed that this system is complex
tion similar to the one depicted in Fig. 8. In the presence ofnough to show most of the phenomena observed in Joseph-
large enough external currents the static vortex is unstablgon ladders. They realized an exhaustive computation of the
and it moves along the ladder. We have numerically stifflied regions of existence of the solutions as a function of the
the collision between one vortex and a rotobreather in th@rray parameters and found that the rotobreather states exist
ladder. Different scenarios were fourisee Fig. 9. Some- in a large range of control parameters. They also studied the
times the rotobreather acted as a pinning center for the vostability and the resonant behavior of the breather solution
tex. Then, including temperature in the model, we studied th@nd found that resonances are very important for moderate
activation process for the vortex, measured an activation enalues of\, where large instability regions appear. Such in-
ergy for the vortex—breather interaction and developed stabilities are very sensitive to the damping parameter.
phenomenological model for estimating such energy. At  Fistul et al? studied the effect of external magnetic
higher currents the vortex excited multi-site breather statefields in the dynamics of rotobreather states in a single cell
and got pinned by the breather. At higher currents a whirlingvith three junctions. They analyzed mainly the effect of the
mode was excited by the vortex. The breather still acts as field on the breather resonances and instabilities, and showed
pinning center, now for the front. At still higher currents the that using the applied field it is possible to control such in-
traveling front excited by the vortex was able to destroy thestabilities. In particular they show how to increase or de-
rotobreather excitation. crease the height of the resonant steps and to suppress the
voltage jumps in the current—voltage characteristics.
The single loop with three junctions has been experi-
F. ac biased ladders mentally studied by Pignatelli and Ustirdwery recently.
They were able to measure the solutions in a wide range of
. . parameter values. The study of the range of existence of the
work has been done n t_he context of a Iadder4b|ased PYocalized solutions confirmed the theoretical predictions
constant currents, the orl_gmal propogal by F@1 al_. stud-  hased on the application of the dc model to the plagdétte.
led the excngtlon of !ocahzed modgs in a ladder biased by aFfhey also studied the behavior of the different resonances
ac external field. Using a model simpler than E@d), they observed in the plaquette and the effect of external magnetic

found oscillobreather and rotobreather localized solutions i |4s The experimental results are in a very good agreement
the dynamics of the array. In both cases the solutions arg.. o previous analytical predictions of Ref. 22.
periodic, with the period of the external current or some

simple harmonic. These states and multi-site rotobreather so-

lutions were also studied in Ref. 7. Marézet al® studied in

detail the rotobreather solution. They showed results of thg/. TWO-DIMENSIONAL JJ ARRAYS

Floquet stability analysis of the periodic solutions done at

many different values of the parameters of the array. Three Josephson junctions can be also connected making a
main different types of bifurcations were detected and sectwo-dimensional array. Such arrays have been paradigmatic
tions of the multidimensional stability phase diagram com-experimental systems for the study of many dynamical and
puted. In these ladders excited by ac fields, it was found anthermodynamical problems: the Kosterlitz—Thouless transi-
characterized a new intrinsically localized chaotic solution ortion, commensurability effects, vortex flow, synchronization,
chaobreathef Such solution was obtained from a periodic etc?*

one which experiences a cascade of period-doubling bifurca- It also is worth mentioning that complex inhomogeneous
tions when changing one of the parameters of the array. resistive patterns in dc-driven 2D arrays have been experi-

E. Kink—breather interaction

Although all the experiments and most of the numerical
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FIG. 9. Simulations of vortex—breather collision in a Josephson ladder. For all the cases the initial condition is a one-site rotobreathen itljofichie
ladder and a vortex in junction 47. The figures plot the value of the instantaneous voltage at every jliredah.f®'=0.3, h=0.5, and\ =5.0. From(a)

to (d) we have increased the applied currdij.i =0.45, the moving vortex is pinned by the breathby.i=0.5 the vortex switches some of the vertical
junctions to rotate. The final state shows three multi-site rotobreathers with 3, 6, and 8 vertical rotating juf@tion§.55, the vortex excites all of the
vertical junctions in its wake. In the final state the ladder is divided in three domains, two superconducting and one resistive in tte) ceri€s9, the
vortex switches vertical junctions and annihilate the breather.

mentally observed by Abraimoet al®® Such patterns corre- 1 —~ t t S~ 1 T o~ t T o~ 1
spond to a broken symmetry of row switching in the array.
The existence of DB’s in two two-dimensional JJ arrays n (W
(2DJJA has been studied recently in Ref. 26. Based on the- ro
oretical arguments from the uncoupled limit of the lattice and 1
on numerical simulations, rotobreather solutions have beer T T f T T
predicted to exist in 2DJJA biased by ac currents. Such lo- Type-a Type-B
calized solutions correspond to the voltage localized solution selution solution

depicted i_n Fig. 1]j: f_our junctions S_ited in the bulk of the g 10. sketches of generalized breather solutions in single cell arrays with
array are in the resistive state, two with voltage¥ and two  four and three Josephson junctions.
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studied the stability of the solutions by means of Floquet

analysis and the robustness of the solutions with respect to
external noise by introducing noise current sources in the
dynamics of the junctions. Simulations were done in 11

X 11, 25x 25, and 10 100 arrays.

Figure 12 shows four snapshots along one period of the
phase dynamics for two rotobreather solutions simulated in
two very different situationgsee captions

In relation to the issue of a possible experimental obser-
vation of DB’s in 2DJJA, the simulations were done at ex-
perimentally accessible parameter values and it was found a
numerical protocol to excite DB’s in the array. The protocol
is based in the possibility of adding a local dc current that
should be injected in one central island of the array and
extracted from the four neighboring islands: First, using the
local dc injection it is possible to cause four junctions to

P T T T T ? rotate, once this occurs we decrease the current to a small
? value but large enough to maintain the localized rotation.
FIG. 11. Sketch of the 2DJJA with breather. Then the ac field is applied increasing slowly the amplitude

of the signal from zero. The process ends by eliminating the
remaining small local dc bias. With respect to the detection,
with —V, while the rest follow the ac field in an oscillating it can be done for instance by measuring local voltages in
state of mean voltage=0. different points of the array.
The breathers have been numerically obtained in many
different §ituation_i.XtTheeXtpossib_ility of paralle?i(tzo, iV VIIL. CONCLUSIONS
#0) or diagonal (;"=i,"#0) bias were considered. From
simulations with single junctions we mostly studied breath-  In the last six years an important effort has been done to
ers with I'=0.02 and w==/2 [from Fig. 2b)], and I" study and observe DB solutions in Josephson arrays. Most of
=0.003 andw= 7 [from Fig. 2c)]. With respect to the cou- this effort was concentrated in Josephson ladder arrays and
pling parameters\ and h, different types of rotobreather dc biased breathers. The main issues concerning the dynam-
solutions were obtained eithertat=1 and smalk; h=1 and ics of the modes have been studied and satisfactorily under-
very largex or smallh. Most of the rotobreathers resulted to stood. Recent experiments have been also done in dc biased
be periodic with the period of the external field and in addi-single cells.
tion to standard numerical simulations of the dynamics we However, there are still interesting questions to answer
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FIG. 12. Four snapshots of the phase evolution for two different DB solutions in a 2DJJA with different bias and very different parameter valses. Arrow
represent phases of the junctions and we show the central part ok &11array. The solutions are time periodjeriod T) and time increases from 0
(arbitrary) to 3T/4 as labeled. The rotobreather solution is localized in the four central junctions which rotate. Left, current is biased in the dighnal or
direction .=0.1, h=1.0,i,~5.0, '=0.003, andw= 7). Right, current is biased along tlyeor (01) direction \ =5.0, h=0.05,i,.~0.7, '=0.02, and
w=1l/2).
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